ECCOMAS Thematic Conference on Multibody Dynamics
June 29 - July 2, 2015, Barcelona, Catalonia, Spain

Direct differentiation of state-space
equations of motion in natural coordinates

Alfonso Callejo*, Daniel Dopico’, Corina Sandu*, Javier Garcia de Jalén*

* Centre for Intelligent Machines T Laboratorio de Ingenieria Mecanica
McGill University University of La Coruiia
817 Sherbrooke Street West Mendizabal s/n
Montréal, Québec H3A 0C3, Canada Ferrol, La Corufia 15403, Spain
acallejo@cim.mcgill.ca ddopico@udc.es
 Advanced Vehicle Dynamics Laboratory # INSIA
Virginia Tech Universidad Politécnica de Madrid
107 Randolph Hall, 460 Old Turner Street Ctra. Valencia km 7
Blacksburg, VA 24060, U.S.A. Madrid 28031, Spain
csandu@vt.edu javier.garciadejalon @upm.es

Abstract

This article deals with the theoretical and practical comparison of different state-of-the-art techniques
for the computation of sensitivities in multibody systems. Specifically, we study state-space multibody
formulations in natural coordinates applied to medium-large mechanical systems such as road vehicles.
The main family of differentiation techniques under study is the direct differentiation method (DDM)
[1, 2], both from manual [3] and automatic [4] differentiation perspectives.

Let f be the number of degrees of freedom (DOFs) of the system, n the number of dependent coordinates

and b € R? the vector of design parameters. The state-space motion differential equations in natural or
fully Cartesian coordinates, according to the matrix-R method [5], can be written as:

M (z,b)i (1) = Q(1,2,2,b) (1a)
M =R"MR (1b)
Q=R"(Q-MSc) (1c)

where q € R”" and z € R/ are, respectively, the vectors of dependent and independent coordinates; R €
R™/ and § € R™" can be calculated as explained in [5]; M (q,b) € R"™*" and Q (¢,q,q,b) € R" are,
respectively, the mass matrix and vector of generalized forces in dependent coordinates; ¢ = ®q4( =
—quq —&,; and ®(1,q,b) € R™ is the vector of constraint equations.

Sensitivity equations can then be obtained through the DDM [1, 2]. Differentiating the equations of
motion (1) with respect to the design parameters and rearranging we obtain:

Mib + Cib + (K + MZZ) 7y = Qb — Mbi (2a)
zp (10) = Zno (2b)
zy (to) = Zno (20)

where K = —8Q/8z C= —8Q/8z and Qp, = —8Q/8b are the derivatives of the projected forces, Q;
and tensor-vector product M,Z = M, ® Z represents the derivatives of vector Mz when Z is considered
constant. This technique results in one set of ordinary differential equations (ODEs) per design parameter.
These sets of ODEs can be integrated in a standard way, together with the set of ODEs in Equation (1),
to find independent state sensitivities, zp. Then, dependent sensitivity matrices qp, {p and ¢y allow one
to compute the vector of design sensitivities (or gradient) Wy, where ¥ =¥ (¢,q,q, {, b) is a user-defined
analytical objective function.

A 17-DOF box truck model with realistic geometry and suspension compoments (see Figure 1(a)) is used
as a numerical example. Sensitivity equations (2) are assembled using manual and automatic differentia-
tion techniques, and then numerically integrated using standard integrators. An example state sensitivity
is shown in Figure 1(b). The results are thoroughly compared in terms of accuracy and efficiency.
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Figure 1: (a) 17-DOF box truck model used to validate the presented methods; (b) Sensitivity of the
vertical position (z) w.r.t. the rear axle stiffness (kreor) — AD stands for automatic differentiation and ND
for numerical differentiation.

This work constitutes a step forward in a series of recent articles about the general-purpose sensitivity
analysis of multibody systems [3, 4, 6]. The main contribution of this work is the comparison and valida-
tion, through a medium-large numerical example, of direct differentiation techniques for the computation
of sensitivities in dynamic mechanical systems. Such a detailed survey, based on in-house multibody
software, has never been presented in the literature.
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