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EXTENDED ABSTRACT

1 Introduction

Design optimization and optimal control of multibody systems usually require the sensitivity analysis of the dynamics of such
systems. Dynamic sensitivities, when needed, are often calculated by finite differences but this procedure can be very demanding
in terms of time, depending on the number of parameters involved and the accuracy obtained can be very poor in many cases.

Recently, in [1, 2], the forward sensitivity equations for the ALI3-P (Augmented Lagrangian Index-3 formulation with projec-
tions) were derived.

The index-3 augmented Lagrangian formulation with velocity and acceleration projections (the ALI3-P formulation) is an effi-
cient and robust method to solve the forward dynamics simulation of general multibody systems, which outperforms the behav-
ior of the aforementioned formulations. It was extensively used for the real-time simulation of different systems with human
and hardware in the loop, some of them including complex phenomena like flexibility [3], contact with friction [4, 5] or non-
holonomic constraints [6].

In this paper, the adjoint sensitivity equations of the ALI3-P formulation are originally derived and applied to a test case, thus
finishing the theoretical sensitivity theory described in [2] for this formulation.

2 Problem statement

Let us consider a multibody system modeled in terms of a set of parameters, ρρρ ∈Rp, with q(ρρρ, t) ∈Rnc dependent coordinates
related by m holonomic constraints ΦΦΦ(q,ρρρ, t)∈Rm. The formulation equations of motion (EOM) have the following expressions

Mq̈+ΦΦΦT
q

(
λλλ ∗(i+1)+αααΦΦΦ

)
= Q (1a)

λλλ ∗(i+1) = λλλ ∗(i)+αααΦΦΦ(i+1); i > 0 (1b)

where M(q,ρρρ)∈Rnc×nc is the mass matrix of the system, ΦΦΦq (q,ρρρ, t)∈Rm×nc is the Jacobian matrix of the vector of constraints,
ααα ∈Rm×m is a diagonal matrix containing the penalty factors associated with the constraints, Q(q, q̇,ρρρ, t) ∈Rnc is the vector of
generalized forces, i = 0,1,2, ... is the iteration index of the approximate Lagrange multipliers λλλ ∗ (ρρρ, t) ∈ Rm. These converge
for i → ∞ to λλλ , which are the ones resulting from the solution of the classical index-3 DAE system.

Upon convergence of the equations of motion, the positions q exactly fulfill the constraint equations ΦΦΦ = 0, within the conver-
gence tolerance of the algorithm; on the contrary, the satisfaction of Φ̇ΦΦ = 0 and Φ̈ΦΦ = 0 is not as good and the sets of velocities
and accelerations, q̇∗ and q̈∗ have to be projected onto their corresponding manifolds to obtain their clean counterparts, q̇ and q̈
by means of the following expressions: (

P+ ςΦΦΦT
qαααΦΦΦq

)
q̇ = Pq̇∗−ΦΦΦT

qςαααΦΦΦt (2)(
P+ ςΦΦΦT

qαααΦΦΦq
)

q̈ = Pq̈∗−ΦΦΦT
qςααα

(
Φ̇ΦΦqq̇+ Φ̇ΦΦt

)
(3)

(4)

Now, let’s define a cost function of the dynamic states and parameters,

ψ = w(qF , q̇F , q̈F ,ρρρF ,λλλ F)+
∫ tF

t0
g(q, q̇, q̈,λλλ ,ρρρ)dt. (5)

The problem is to obtain the sensitivity of such a cost function, which is indirectly expressed, in the adjoint sensitivity approach,
by means of the following Lagrangian,

L (ρρρ) = w(qF , q̇F , q̈F ,ρρρF ,λF)+
∫ tF

t0
g(q, q̇, q̈,λ ,ρρρ)dt−

∫ tF

t0
µµµT (Mq̈+ΦΦΦT

q (λλλ +αααΦΦΦ)−Q
)

dt−
∫ tF

t0
µµµT

ΦΦΦΦΦΦdt

−
∫ tF

t0
µµµT

Φ̇ΦΦ

((
P+ ςΦΦΦT

qαααΦΦΦq
)

q̇−Pq̇∗+ΦΦΦT
qςαααΦΦΦt

)
dt−

∫ tF

t0
µµµT

Φ̈ΦΦ

((
P+ ςΦΦΦT

qαααΦΦΦq
)

q̈−Pq̈∗−ΦΦΦT
qςααα

(
Φ̇ΦΦqq̇+ Φ̇ΦΦt

))
dt

(6)

and the following identity which holds along any solution of the equations of motion:

∇ρρρ ψ = ∇ρρρL (7)
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Figure 1: The five-bar mechanism

The test case considered in this work is the five-bar mechanism shown in Figure 1. The sensitivities of this system are well known
because they were previously obtained using several different formulations and approaches [7, 8]. The problem posed was the
sensitivity analysis of following objective function dependent on the solution of the equations of motion:

ψ =
∫ tF

t0
(r2 − r20)

T (r2 − r20)dt (8)

where r2 is the global position of the point 2 and r20 is the initial position (at t = t0) of the same point. As parameters to obtain
the sensitivities, the natural lengths of the springs were chosen ρρρT = [L01,L02].

The solution offered by the proposed method will be compared with the solutions obtained before and some conclusions will be
drawn.
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