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Planar hydraulic manipulator

This document describes a benchmark problem for the co-simulation of mechanical and hy-

draulic systems in multirate schemes. A general overview of the assembly is provided, together with

a reference implementation of the dynamics equations of both subsystems. Moreover, simulation

results are provided as reference for selected solution methods of the co-simulation equations. These

can be used to validate simulation results obtained with new implementations of the same model.

1 Problem description

A planar model of a hydraulically actuated two-link robotic arm is shown in Fig. 1. A similar

model was described in [6] and used as benchmark problem in [8].
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Figure 1: Planar model of a manipulator with a single hydraulic actuator

This hydraulically actuated mechanical system can be used as benchmark for multirate co-

simulation schemes. Many different implementation approaches can be used to represent its

components. Here, we will be using as reference implementation a minimal coordinates repre-

sentation to describe the two-link pendulum, and the first order ordinary differential equations

used to formulate the hydraulics in [6].

1.1 Multibody model

Link 1 is a rod of length L and distributed mass m. Link 2 has length Lh and is considered to be

massless. Two point masses mp and mh are placed at points Q and R. The system moves under

gravity effects (gravity acts along the negative direction of the y axis) and is actuated with a
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Benchmark problem

hydraulic piston that connects points B and P. The length of the actuator is denoted by variable

s1. The values of the system properties used in the numerical experiments are summarized in

Table 1.

Length of link 1 L 1.0 m

Length of link 2 Lh 0.5 m

Mass of link 1 m 200 kg

Point mass at Q mp 250 kg

Point mass at R mh 100 kg

Coordinates of fixed point B (xB, yB)
(√

3/2, 0
)

m

Initial angle, link 1 (θ1)0 π/6 rad

Initial angle, link 2 (θ2)0 3π/2 rad

Gravity g −9.81 m/s2

Table 1: Mechanical parameters of the single-actuated model

The system is modelled using a set of minimal coordinates q = [θ1, θ2]
T, where θ1 and θ2

are the angles from the x-axis to rods 1 and 2, as shown in Fig. 1. The dynamics equations in

independent coordinates can be given as

Mq̈ + c = f + fh (1)

where M is the mass matrix, c contains the velocity-dependent forces and Coriolis terms, fh

represents the force applied by the hydraulic piston, and f stands for every other applied force

in the system. In this example, the terms in Eq. (1) take the form

M =

 L2
(
m+mp +mh

)
3

LLhmh cos (θ1 − θ2)

LLhmh cos (θ1 − θ2) L2
hmh

 ,

c = LLhmh sin (θ1 − θ2)

 θ̇22

−θ̇21

 , f =

 −Lg2 (
m+mp +mh

)
cos θ1

−Lhgmh cos θ2

 (2)

The force exerted by the hydraulic piston on the two-link pendulum, expressed in the general-

ized coordinates q, can be computed by means of

fh = JTfh (3)

where fh is the magnitude of the force exerted by the actuator and J is the velocity transforma-
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tion matrix that relates the generalized velocities of the multibody system, q̇, and the actuator

rate, ṡ1, [5]

ṡ1 = Jq̇ (4)

For the dimensions in Table 1, and for any position of the mechanism,

s1 = L

√
1−
√

3

2
cos θ1 , J =

[ √
3L2 sin θ1

4s1
0

]
(5)

The system accelerations q̈ can be directly evaluated from Eq. (1) and integrated using

numerical methods to obtain the time evolution of the mechanism. The reference integration

method used in this document is the semi-implicit forward Euler formula, which represents a

good trade-off between simplicity and accuracy [3]

q̇k+1 = q̇k + hq̈k (6)

qk+1 = qk + hq̇k+1 (7)

where subscript k denotes the time-step, and h is the integration step-size.

1.2 Hydraulic model

The dynamics of the hydraulic system was evaluated using the hydraulic model in [6]. The

hydraulics is described by a set of first order ordinary differential equations (ODE) in which the

system pressures are the integration variables. The magnitude of the hydraulic force exerted by

the actuator can be evaluated as

fh = (p2 − p1) ap − cṡ1 (8)

where p1 and p2 are the fluid pressures within the cylinder, as shown in Fig. 2 and ap is the total

piston area. A viscous friction model with coefficient c was used to represent internal dissipation

in the actuator. We group pressures p1 and p2 in term p = [p1, p2]
T.

The dynamics of the hydraulic system can be described with the following set of first order
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Figure 2: Schematic of the hydraulic actuator

ODEs [6]

ṗ1 =
β1
apl1

[
apṡ1 + aicd

√
2 (pP − p1)

ρ
δP1 − aocd

√
2 (p1 − pT)

ρ
δT1

]
(9)

ṗ2 =
β2
apl2

[
−apṡ1 + aocd

√
2 (pP − p2)

ρ
δP2 − aicd

√
2 (p2 − pT)

ρ
δT2

]
(10)

where l1 and l2 are the variable lengths of the chambers on each side of the piston, ai and ao

are the variable valve areas that connect these cylinder chambers to the pump and the tank in

the hydraulics system, cd is the discharge coefficient of the valves, ρ stands for the fluid density,

pP and pT are the hydraulic pressure at the pump and the tank respectively. Coefficients δP1, δP2,

δT1, and δT2 are 0 when the quantity inside the square root that precedes them is negative and 1

otherwise. Terms β1 and β2 stand for the bulk modulus in each cylinder chamber, and they are

evaluated as a function of the fluid pressure [1]

βi =
1 + api + bp2i
a+ 2bpi

, i = 1, 2 (11)

where a and b are constants for the fluid. Assuming that the two cylinder chambers have equal

volume at the starting time of the simulation, chamber lengths l1 and l2 are given by

l1 = 0.5l + s1,0 − s1

l2 = 0.5l + s1 − s1,0
(12)

where s1,0 is the initial length of the actuator. Valve areas ai and ao have m2 units and are

obtained as

ai = 5 · 10−4κ

ao = 5 · 10−4 (1− κ)
(13)
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In Eq. (13), κ ∈ [0, 1] is the valve control parameter or spool displacement, i.e., the kinematic in-

put that controls the motion of the piston. The hydraulic subsystem parameters for this problem

are shown in Table 2.

Piston area ap 65 · 10−4 m2

Cylinder length l 0.442 m

Friction coefficient c 105 Ns/m

Valve discharge coefficient cd 0.67

Fluid density ρ 850 kg/m3

Hydraulic pressure at the pump pP 7.6 MPa

Hydraulic pressure at the tank pT 0.1 MPa

Compressibility coefficient a 6.53 · 10−10 Pa

Compressibility coefficient b −1.19 · 10−18

Table 2: Hydraulic parameters

The dynamics of the hydraulics system is integrated using a forward Euler formula as well.

Because Eqs. (9) and (10) are first-order ODEs, a single integration formula is necessary

pk+1 = pk + hṗk (14)

where again k stands for the time-step and h for the integration step-size.

1.3 Initial equilibrium configuration

It is necessary to make sure that the system is initially in a state of static equilibrium. The

simulation must start from a stable initial configuration, to guarantee the correctness of the

obtained results. Ideally, this should result in the satisfaction of the following conditions

• The initial accelerations q̈ and velocities q̇ of the multibody system are zero.

• The rates of change of the hydraulic pressures with respect to time, ṗ, are zero as well.

• The force fh exerted by the hydraulic piston balances the weight of the mechanical system.

The following procedure can be used to determine the initial static equilibrium configuration.

These steps must be performed before the start of the time integration of the system dynamics.
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1. The multibody system can be initialized setting q = [(θ1)0 , (θ2)0]
T and q̇ = 0.

2. For these values of the system generalized positions and velocities, the hydraulic force

required to keep the static equilibrium of the mechanical system can be evaluated as [8]

fh = −Meff J M−1 (f − c) where Meff =
(
JM−1JT

)−1
(15)

3. The actuator length s1 and rate ṡ1 can be evaluated using Eqs. (4) and (5).

4. Once they are known, the initial values of s1, ṡ1, and fh must be used to determine the

initial state of the hydraulics subsystem. An iterative algorithm, which requires an initial

guess of the system pressures p and the valve control parameter κ, must be used because

of the nonlinearity of differential equations (9) and (10). A possibility is using a Newton-

Raphson scheme, in which pressures p and the actuation κ are updated according to

zi+1 = zi + ∆zi where z = [p1, p2, κ]T and ∆z = −dg

dz
g (16)

where superscript i stands for the iteration number. Function g in Eq. (16) represents the

initial equilibrium conditions, given by Eqs. (8), (9), and (10)

g =


fh − (p2 − p1) ap

ṗ1

ṗ2

 = 0 (17)

The iteration can be performed until the norm of the residual in Eq. (17) falls below a

certain maximum admissible value, or until a fixed number of iterations is completed.

Upon convergence of the iterative procedure, the initial values of p, ṗ, and κ are obtained.

For the system parameters and initial configuration referred in Sections 1.1 and 1.2, the

initial hydraulic force is fh = 8.829 kN and the actuator length is s1 = 0.5 m. Initializing the

hydraulics with these values and performing three iterations of the Newton-Raphson procedure

in Eq. (16), this results in the following initial values for the hydraulics

p1 = 3.1708 MPa , p2 = 4.5292 MPa , κ0 = 0.4543 (18)

where p1 = 3.3 MPa, p2 = 4.4 MPa, κ = 0.5 were used as initial guess.
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2 Manoeuvres

Two manoeuvres were defined to evaluate the behaviour of co-simulation schemes with this

benchmark example. The first one consisted in a two-step variation of the valve displacement.

In the second one, the valve displacement was commanded to follow a sinusoidal actuation law.

2.1 Step manoeuvre M1

This benchmark manoeuvre consists in a 10-s forward-dynamics simulation of the motion of the

hydraulically actuated crane.
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Figure 3: Time-history of the valve spool displacement in the hydraulic system during manoeuvre M1 - Source file:
hydraulicManipulator kappa.csv

The valve displacement κ in Eq. (13) is the only input required to control the system. In this

benchmark manoeuvre, κ follows the expression below:

κ =



κ0 , t ≤ ta

κ0 − 0.01 (t− ta) /tr , ta < t ≤ ta + tr

κ0 − 0.01 , ta + tr < t ≤ tb
κ0 − 0.01 + 0.03 (t− tb) / (2tr) , tb < t ≤ tb + 2tr

κ0 + 0.02 , tb + 2tr < t

(19)

where ta = 2 s and tb = 6 s, κ0 is the initial valve displacement, and tr is a time constant that

controls the rate of change of κ during transitions; its value was adjusted to tr = 1 ms in this
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study. If κ0 is adjusted to keep the system in static equilibrium, such a control law will result in a

stationary state for t ≤ 2 s, the extension of the actuator for 2 s < t ≤ 6 s, and then its retraction

until t = 10 s.

Figure 3 shows the time-history of κ for the value of κ0 determined in Section 1.3.

2.2 Sinusoidal manoeuvre M2

In the second manoeuvre, the valve displacement is commanded to follow the sinusoidal actua-

tion law

κ = κ0 (1−A sin (2πωt)) , where A =



0.1t t ≤ 1 s

0.1 1 s < t ≤ 8 s

0.1 (9− t) 8 s < t ≤ 9 s

0 9 s < t

(20)

where ω = 2 rad/s and A is the amplitude of the oscillation, which varies with time. Initially,

the spool displacement is set to the value κ0 that results in the static equilibrium of the system.
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Figure 4: Time-history of the valve spool displacement in the hydraulic system during manoeuvre M2 - Source file:
hydraulicManipulator kappaM2.csv

Figure 4 shows the time history of κ during this manoeuvre, following Eq. (20).
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3 Tested co-simulation schemes

Co-simulation can be performed according to many different coupling schemes. Explicit Jacobi

and Gauss-Seidel configurations were considered, both in single-rate and multi-rate communi-

cation grids. The following selections of coupling variables were used in the simulation of this

benchmark example:

• Force-displacement coupling (f-s)

• Pressure-displacement coupling (p-s)

3.1 Force-displacement coupling (f-s)

In the force-displacement coupling, the output yM of the multibody subsystem (denoted byM)

contains the actuator length s1 and its rate ṡ1. The hydraulic subsystem (H), in turn, delivers as

its output yH the hydraulic force exerted by the actuator, fh.

M :
∫
M, hM

q, q̇
Mq̈ + c = f + fh

Co-simulation
Manager

H

H :
∫
H, hH

p
ṗ = g1 (p)

s1 , ṡ1

fhfh

s1 , ṡ1

Figure 5: Multibody (M) and hydraulics (H) subsystems coupled according to the force-displacement (f-s) scheme

This coupling scheme is shown in Fig. 5. The integration step-sizes of the multibody and the

hydraulics subsystems are hM and hH, respectively. The macro step-size used to communicate

the subsystems and the co-simulation manager is denoted by H.

This selection of coupling variables makes the output of the hydraulic subsystem H de-

pendend on its input, i.e., subsystem H has direct feedthrough. Equation (8) shows that the

evaluation of fh requires the knowledge of the actuator rate ṡ1.

3.2 Pressure-displacement coupling (p-s)

Figure 6 shows the subsystem coupling according to a pressure-displacement scheme. Instead of

the piston force fh, the output of the hydraulics subsystem contains now the actuator pressures
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p. This means that the multibody subsystem (M) is responsible for the evaluation of the hy-

draulic force with Eq. (8); accordingly, the values of the piston area ap and the viscous friction

coefficient c need to be available to the multibody solver.

M :
∫
M, hM

q, q̇
Mq̈ + c = f + fh

Co-simulation
Manager

H

H :
∫
H, hH

p
ṗ = g1 (p)

s1 , ṡ1

pp

s1 , ṡ1

Figure 6: Multibody (M) and hydraulics (H) subsystems coupled according to the pressure-displacement (p-s)
scheme

With this coupling scheme none of the subsystems suffers from direct feedthrough, because

the outputs of both of them are part of their state.
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4 Reference solution

Every benchmark problem should have a reference solution that is considered correct, against

which the correctness and performance of a particular implementation are to be measured [4].

Sometimes, analytical expressions of a problem solution exist and can be used as references.

Most commonly, however, reference solutions need to be determined as the outcome of a con-

vergence process.

The convergence of the solution is determined by monitoring relevant system variables. Two

simulation results can be considered the same solution if the differences between the relevant

variables are below a certain threshold. Reference solutions at convergence are usually obtained

decreasing integration step-sizes and tightening tolerances until the differences between them

decrease below the thresholds for all the relevant variables.

For this example, a monolithic formulation that solves concurrently the hydraulics and me-

chanics equations can be obtained [6]. The multibody system variables and the hydraulic pres-

sures are grouped in a single array of coordinates

z =
[
qT,pT

]T
= [xP, yP, xQ, yQ, s1, p1, p2]

T (21)

where xP, yP, xQ, and yQ are the x and y coordinates of points P and Q, respectively. The coor-

dinate set z in Eq. (21) is dependent, and it is subjected to the following kinematic constraints

Φ =



(xP − xA)2 + (yP − yA)2 − (L/2)2

(xQ − xA)− 2 (xP − xA)

(yQ − yA)− 2 (yP − yA)

(xP − xB)2 + (yP − yB)2 − s21


= 0 (22)

where xA and yA are zero. The monolithic formulation, therefore, needs to handle the system

of differential-algebraic equations (DAEs) resulting of imposing Eqs. (22) on the multibody and

hydraulic dynamics. The system dynamics equations can be described as

Mq̈ + ΦT
qαΦ + ΦT

qλ = Q (q, q̇,p)

ṗ = h (p,q, q̇)
(23)

where Φq = ∂Φ/∂q is the Jacobian matrix of the kinematic constraints, λ is the set of resulting
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Lagrange multipliers, and Q groups the generalized forces that act on the system. Term α plays

the role of a penalty factor [2]. Function h provides the derivatives of the hydraulic pressures

and corresponds here to Eqs. (9) and (10). In order to solve the system of DAEs (23), they are

merged with the integrator equations and a dynamic equilibrium in terms of the system variables

z is established at time step k + 1. The trapezoidal rule [7] is used here as integration formula

q̇k+1 =
2

h
qk+1 + ˆ̇qk where ˆ̇qk = −

(
2

h
qn + q̇n

)
q̈k+1 =

4

h2
qk+1 + ˆ̈qk where ˆ̈qk = −

(
4

h2
qk +

4

h
q̇k + q̈k

)
ṗk+1 =

2

h
pk+1 + ˆ̇pk where ˆ̇pk = −

(
2

h
pk + ṗk

) (24)

and the dynamic equilibrium can be formulated from Eqs. (23) as

b (zk+1) =

 Mq +
h2

4

(
ΦT

q (αΦ + λ)−Q + Mˆ̈qk

)
h

2
p− h2

4
h +

h2

4
ˆ̇pk


k+1

= 0 (25)

where, unless otherwise specified, all the terms are evaluated at step k + 1. The nonlinear equi-

librium in Eq. (25) is solved by means of Newton-Raphson iteration

[
db (z)

dz

]
i

∆zi+1 = − b (z)i (26)

where subscript i stands for the iteration number. The residual term and the approximated

tangent matrix used in the iteration are as follows

b (z) =
h2

4

 Mq̈ + ΦT
q (αΦ + λ)−Q

ṗ− h

 ;

[
db (z)

dz

]
=


M− h

2

∂Q

∂q̇
+
h2

4

(
ΦT

qαΦq −
∂Q

∂q

)
−h

2

4

∂Q

∂p

−h
2

(
h

2

∂h

∂q
+
∂h

∂q̇

)
h

2

(
I− h

2

∂h

∂p

)
 (27)

Here, I is the 2 × 2 identity matrix. The Lagrange multipliers λ are also updated iteratively

according to the expression

λi+1 = λi + αΦi+1 (28)
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Upon convergence of the Newton-Raphson iteration in Eq. (26), the obtained system veloc-

ities and accelerations, q̇∗ and q̈∗, do not necessarily satisfy the derivatives of the kinematic

constraints (22) at the velocity and acceleration levels. To ensure the fulfillment of these equa-

tions, q̇∗ and q̈∗ are projected onto the constraints manifold [6]

Wq̇ = Wq̇∗ − h2

4
ΦT

qαΦt ; Wq̈ = Wq̈∗ − h2

4
ΦT

qα
(
Φ̇qq̇ + Φ̇t

)
(29)

where Φt = ∂Φ/∂t and

W = M− h

2

∂Q

∂q̇
− h2

4

∂Q

∂q
(30)

The formulation in Eqs. (21)–(30) was used to determine the reference solution for manoeu-

vres M1 and M2 in Section 2; here, the reference results are those obtained using an integration

step-size h = 0.05 ms and α = 1012. The Newton-Raphson iteration was repeated until the

norm-2 of the residual went below 10−5, after which three velocity and acceleration projections

were performed.

4.1 Step manoeuvre M1

Reference simulation results for manoeuvre M1 in section 2.1 are shown here.
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(a) Actuator length
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4
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Time [s]

ṡ 1
[m

/s
]

(b) Actuator rate

Figure 7: Reference solution for manoeuvre M1: actuator length s1 and rate ṡ1 - Source file:
hydraulicManipulator ref.csv

Figure 7 shows the reference solution for the actuator length s1 and rate ṡ1 during manoeu-
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(a) Hydraulic pressures
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(b) Actuator force

Figure 8: Reference solution for manoeuvre M1: pressures p1 and p2 in the cylinder and magnitude of the hydraulic
force fh - Source file: hydraulicManipulator ref.csv
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Figure 9: Differences with respect to reference solution of monolithic simulations for different values of the integra-
tion step-size h in manoeuvre M1 - Source file: hydraulicManipulator convergencePosMono.csv

vre M1. Pressures p1 and p2, as well as the hydraulic force fh are displayed in Fig. 8.

Figure 9 illustrates the convergence of the monolithic solution towards the reference solution

obtained with h = 0.05 ms as the integration step-size h decreases. The left plot shows the

convergence of the obtained actuator length s1, whereas the right one focuses on the pressure

spike in p1 at t = 6 s.
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4.2 Sinusoidal manoeuvre M2

Reference simulation results for the oscillatory manoeuvre M2 in Section 2.2 are shown here.
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ṡ 1

[m
/s

]
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Figure 10: Reference solution for manoeuvre M2: actuator length s1 and rate ṡ1 - Source file:
hydraulicManipulator refM2.csv
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(b) Actuator force

Figure 11: Reference solution for manoeuvre M2: pressures p1 and p2 in the cylinder and magnitude of the hydraulic
force fh - Source file: hydraulicManipulator refM2.csv

For the sinusoidal manoeuvre M2, the reference actuator length s1 and rate ṡ1 are shown in

Fig. 10. The hydraulic pressures in the cylinder and the actuator force can be seen in Fig. 11. Rep-

resentative variables converged to the reference solution as the integration step-size decreased,

in a similar way to the one shown in Fig. 9.
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5 Simulation results

Results from the co-simulation schemes described in Section 3 are shown here for reference,

to enable the validation of implementations of this example. In all simulations, the integration

step-size of the multibody system, hM, was made equal to the communication step-size H. The

integration step-size used for the hydraulics, hH, could not be increased beyond 0.2 ms without

rendering the simulation unstable. ZOH input extrapolation was used in all cases.

5.1 Force-displacement coupling (f-s)

The force-displacement coupling in Section 3.1 was tested with the co-simulation configurations

shown in Table 3. All the cases shown in this table delivered reasonably accurate simulation

results in both manoeuvres M1 and M2.

Case H = hM hH Scheme

fsJ 01 0.05 ms 0.05 ms Jacobi

fsJ 02 0.2 ms 0.2 ms Jacobi

fsJ 03 1 ms 0.2 ms Jacobi

fsJ 04 5 ms 0.2 ms Jacobi

fsJ 05 10 ms 0.2 ms Jacobi

Table 3: Tested cases: f-s coupling

6 6.01 6.02 6.03
0.5955

0.5960

0.5965

0.5970

0.5975

Time [s]

s 1
[m

]

ref.
fsJ 01
fsJ 03
fsJ 05

(a) Actuator length (detail view around t = 6 s)

0 2 4 6 8 10

0.50

0.52

0.54

0.56

0.58

0.60

Time [s]

s 1
[m

]

(b) Actuator length, H = hM = 15 ms

Figure 12: Time history of the actuator length s1 with f-s coupling and Jacobi scheme during manoeuvre M1

The obtained solution converged towards the reference as the communication step-size H

was decreased, as shown in Fig. 12 for M1.

17



Planar hydraulic manipulator

The communication step-size H, however, cannot grow indefinitely. Figure. 12 also shows

that inaccurate values of the actuator length s1 during manoeuvre M1 are obtained for H =

hM = 15 ms. The simulation exhibits an oscillatory behaviour and reaches the verge of instabil-

ity. For manoeuvre M2, the maximum achievable macro step-size was around 19 ms.

5.2 Pressure-displacement coupling (p-s)

The pressure-displacement coupling in Section 3.2 was also tested, using the co-simulation con-

figurations shown in Table 4.

Case H = hM hH Scheme

psJ 01 0.05 ms 0.05 ms Jacobi

psJ 02 0.2 ms 0.2 ms Jacobi

psJ 03 1 ms 0.2 ms Jacobi

psJ 04 5 ms 0.2 ms Jacobi

psJ 05 10 ms 0.2 ms Jacobi

Table 4: Tested cases: p-s coupling

6 6.01 6.02 6.03
0.5955

0.5960

0.5965

0.5970

0.5975

Time [s]

s 1
[m

]

ref.
psJ 01
psJ 03
psJ 05

(a) Actuator length (detail view around t = 6 s)

0 2 4 6 8 10

0.50

0.52

0.54

0.56

0.58

0.60

Time [s]

s 1
[m

]

(b) Actuator length, H = hM = 40 ms

Figure 13: Time history of the actuator length s1 with p-s coupling and Jacobi scheme during manoeuvre M1

Figure 13 shows that the results delivered by the p-s coupling approach converge to the

reference solution as the communication step-size H decreases, similarly to the way in which

the f-s approach did in Section 5.1.

The p-s approach, as expected, is more stable than its f-s counterpart, because of the lack of

direct feedthrough in the subsystems, which removes the coupling error associated with input
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Benchmark problem

extrapolation. This makes it possible to raise H up until around 40 ms in manoeuvre M1 be-

fore unstable behaviour takes place. For the oscillatory actuation in M2, it was possible to use

communication steps as large as 53 ms without experiencing noticeable instabilities.
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